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Abstract 
In this paper it is shown that the class X of circular arc graphs is closed under the operation 
of power; this means, G E X implies GA E X for any positive integer k. Furthermore, Gk E X 
implies Gkf2 E X and if dium(G’) > 4 then Gk E X implies Gk+’ E X. 
Another result on the powers of directed graphs is that if Gk belongs to the class of in-, out-, 
or local tournaments, then so does G ‘+’ This result is used to prove the closedness of proper 
circular arc graphs under the power operation. 
1. Introduction 
A finite, simple, undirected graph G = (V, E) is called a circular arc graph, iff there 
exists a family (IV)” E y of arcs of a cycle holding the following condition: 
{u, u} E E u Z,, 17 Z, # 0. The family (I”)” E v is said to be a circular arc 
representation (c.a.r) of G. 
A circular arc graph is proper, iff there exists a c.a.r where no arc is completely 
contained in another arc. 
The distance of two vertices U, u E V(G) in G, denoted by dG(u, u), is the length of 
the shortest path from u to u in G. Let k be a positive integer, the kth power of a 
graph G = (V, E), denoted by Gk, is a graph with vertex set V, where two vertices are 
adjacent iff dG(u, u) < k. The diameter diam(G) of a connected graph G, is defined 
as the greatest distance of two vertices, i.e. diam(G) := max{dc(u, u) 1 u, u E V}. 
Let G be an undirected and D be a directed graph, then V(G) and V(D) are 
the vertex sets of G and D; E(G) is the edge set of G and A(D) is the arc set 
of D. 
It is an interesting question, whether the operation of power preserves the member- 
ship of a graph to a certain graph class X. 
Closely related is the question whether Gk E X implies Gk+’ E X. 
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Several results concerning these questions are known by now: 
Raychaudhuri proved in [9]: If Gk is an interval graph, then Gkf’ is also an interval 
graph. He also proved analogous results for unit interval graphs and for strongly chordal 
graphs [lo]. In [4] there are analogous results for cocomparability graphs and trapezoid 
graphs. Further, all powers of circular arc graphs are circular arc graphs [lo]. 
Let X be the class of circular arc graphs. By modifying a c.a.r of G, we first show 
that G E X implies G2 E X. Then, by showing Gk E X implies Gkf2 E X we conclude 
G E X implies Gk E X for any positive integer k. This corollary was also shown by 
Raychaudhuri [lo], but our proof seems to be more direct, since no characterizations 
of circular arc graphs are necessary here. 
Unfortunately, Raychaudhuri’s question, whether Gk E &” implies Gk+’ E X, remains 
open, but the following progress is made: 
( 1) We know Gk E X implies Gk+2 E X; 
(2) Let Gk E X, diam(Gk) > 4, then Gk+’ E X; 
(3) 250000 random graphs with 1 V 1 < 25 have been tested, none of them had the 
property Gk E X and Gkf’ 6 X for any positive integer k. 
Therefore my assumption is, the answer is affirmative. 
In the last section we will show that if G is a proper circular arc graph, then so is Gk. 
This result is obtained by regarding proper circular arc graphs as the underlying graphs 
of special directed graphs. Powers of these directed graphs (called local tournaments) 
are also studied. Terminology is introduced there. 
Application of the closedness of X under the power operation: Now we should con- 
sider an algorithmic consequence of our and Raychaudhuri’s result G E .X + Gk E X. 
Let k be a positive integer. The k-stability number of a graph G, denoted by ak(G), is 
the maximum number of vertices that have pairwise distance > k. al(G) is the well 
known stability number, which is denoted as usual by a(G). Clearly, txk(G) equals 
tl( Gk). 
Now we can see that Corollary 1 enables a solution of the following 
Problem. Let G be a circular arc graph and k be a positive integer. We want to 
calculate the k-stability number ak(G) in polynomial time. 
Solution. Determine Gk (in polynomial time by computing the adjacency matrix Ak 
of Gk, where A is the adjacency matrix of G and 1 + I= 1 ), then determine c~(G~) in 
polynomial time (this is possible, since Gk is also a circular arc graph and polynomial 
algorithms to determine a(G) for circular arc graphs G are known [6]). 
Real world application. Now we consider a real world situation, in which the above 
problem arises: 
Farmer A has one field, where he can cultivate different products al,. . . , a,, . If he 
cultivates ai the field is reserved for the time [si,ti] of the year (for example potatoes 
from [March 10, April 301). How many products can be cultivated within one year? 
The time from January 1 till December 31 can be considered as a continuum on a 
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Case 1 Case 2 
Fig. 1. 
circle. On this circle we place the arcs [si,ti]. So we receive a c.a.r of a graph G. The 
answer of our question is a(G). 
Farmer B wants to be flexible. After the proclamation of his plan for the next year, 
he possibly wants to include a new product aj, j E { 1,. . . , n}, which originally was not 
in the plan. But he does not want to give the impression of being unreliable, therefore 
he demands that at most one of the originally planned products may be cancelled in 
favor of the new product. How many products can Farmer B plan? The answer is 
~2tG). 
2. Circular arc graphs 
Theorem 1. Zf G is a circular arc graph, then G2 is a circular arc graph. 
Proof. Let (I,’ )” E v(o) be a c.a.r of G. Having a c.a.r (I:), E V(G) of H, (with HI = G) 
we obtain a new c.a.r (lo”+‘)0 E v(o) of H,,+I by extending exactly one arc in such a 
way that at least one new intersection arises and E(H,+l) G E(G2). This way we obtain 
a finite sequence G = HI c Hz c . . . c Hz = G2 of different circular arc graphs H,, with 
c.a.r (I,“), E v(o), hence G2 is also a circular arc graph. 
Now assume, we received (I,“), E v(o). Choose an edge {u, u} E E(G2)\E(H,). (In 
the case of non-existence (I,“), E r(o) is just a c.a.r of G2.) Clearly, Z,” n Z,” = 0. 
There exists a vertex x E V(G) with do(u,x) = 1 and do(x, u) = 1, which means 
Z,’ n Z,’ # 0 and Z,’ n Z,’ # 0. Considering the position of Z,‘, we have to distinguish the 
two cases of Fig. 1. 
In Case 1, we lengthen Zi clockwise until a non-empty intersection with I: arises 
(this way Z,” becomes Ii+‘, see Fig. 1). In Case 2, analogously Z,” is lengthened clock- 
wise until an intersection with Z[ arises. We claim this: 
(a) E(Z%) c E(K+t ) 
(b) {u,v} is a new edge of H,+l. 
(c) E(H,+l ) C E(G2) 
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It suffices to show (c): 
First consider Case 1. Each edge of E(ZZ,,) is an edge of E(G2). The other edges of 
E(ZZ,+l) are of the form {a, U} (since I,” is the only arc which is modified). So let I: 
be an arc with Z: n I,” = 0, but I,” n Zi+l # 8. 
Clearly, the counterclockwise endpoint of Zi is in Z, ‘+‘\I,” (since I,” was lengthened 
clockwise). So it is also in Z,‘. Since we obtained Zi by (possibly) lengthening I,’ 
clockwise it follows Zb n Z,’ # 0. Hence do(a,x) = 1, which implies do(a, U) = 2, from 
which follows {a, U} E E(G2). Case 2 can be settled analogously. 0 
Remark 1. Theorem 1 can be proved for proper circular arc graphs in a very similar 
way, only the construction of (Zi+l)V E v is more involved, because lengthening It the 
attribute of a c.a.r (I,“), E y to be proper could get lost. But lengthening all I: with 
Zi C Z:+l in an appropriate way, this can be avoided. 
Theorem 2. Zf Gk is a circular arc graph, then Gkf2 is also a circular arc 
graph. 
Proof. Let (1~ h E V(G) be a c.a.r of Gk. For each v E V we define ZL := Uw,dc(v,w)Q, Z,; 
since each Z, intersects Z, it is clear that Z: is a circular arc on the circle. It s&ices 
to show the following: 
Claim. (Z~)v Ev is a c.a.r of Gkt2. 
This means {u, v} E E(Gk+2) iff ZL n Zi # 0. 
1. Let {u, v} E E(Gk+2). Then dG(& v) d k + 2. So there exist vertices x, y E Y(G) 
having the properties dG(u,x) < 1, d&y) 6 k and d&,v) < 1. Then Z, f7 Z, # 0. 
Since Z, & ZL and Z, C I:, it follows Z: fl Z: # 0. 
2. Let Z: n Z: # 8. Then Z, fl Z, # 8, where x, y are vertices with do(U,X) Q 1 and 
d&, v) < 1. Since Z, ll ZY # 8 clearly do(X, y) < k. These three distance inequalities 
imply do(u, 0) d k + 2. 0 
Remark 2. In contrast to Theorem 1, Theorem 2 can also be proved for chordal graphs 
(i.e. Gk is chordal, then Gk+2 is also chordal; this is also proved in [3]). This can 
be done in the same way, since chordal graphs are exactly the intersection graphs of 
subtrees of a given tree T. Having a subtree representation (A’,), E v of Gk we just 
define a new one (S:)” E v - where S: := Uw,dc.v,w)G 1 SW which is a representation of 
Gk+2 
The previous two theorems immediately imply 
Corollary 1. If G is a circular arc graph, then Gk is a circular arc graph. 
It is an open problem, whether Gk E X implies Gk+’ E X. We can give a partial 
answer: 
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Fig. 3(a). Fig. 3(b) 
Theorem 3. If diam(Gk) 2 4 and Gk is a circular arc graph, then Gkf’ is also a 
circular arc graph. 
Proof- Let (1” )u E V(G) be a c.a.r of Gk. For each v E V we define a new circular 
arc 1: : = U w,dc~v,w~Q1 Ii, where Ii is I, reduced by the part IW\Iu which exceeds I, 
counterclockwise, see Fig 2. 
Claim. (I,*)., E v is a c.a.r of Gk+‘. 
This means {u, v} E E(Gk+’ ) iff I,* n 1: # 0. 
1. Let 1; n 1; # 0. W.1.o.g. I, n I, = 0. Then there exists 
(a) a vertex x with dG(u,x) = 1 and 1,” n1, # 0 or 
(b) a vertex y with d&, v) = 1 and 1; fl Z,, # 0. 
Consider (a), then 1, rl I, # 0, thus dG(x, u) d k, so dG(u, v) < k + 1, which means 
{u, v} E E(Gk+‘). Case (b) can be settled analogously. 
2. Now let dG(u, v) 6 k + 1. Let P = u,x,. . . , y, v be a shortest u- v-path in G. Then 
d~(~,v)~k,dG(u,y)~kandd~(x,y)~k-l.If~~,~r,#~or~,“n~,#~or~j:n 
Z, # 0, there is nothing left to show (since it immediately follows that Zl n Zt # 8). So 
assume that these three intersections are all empty. Then, due to 1, n I, # 0, Z, f’ I, # 0 
and ZY n I, # 0, 1, n I, # 0 it follows that I,,, I”, I, and I, together cover the entire 
circle, see Fig. 3(a). 
Because 1, n I,, # 0, the entire circle is already covered by three circular arcs I,, IY 
and I,, where z = u or z = v, see Fig. 3(b). But then diam(Gk) 6 3 (whenever two 
circular arcs I, and zb are placed on the circle of Fig. 3(b), the corresponding vertices 
a and b always have distance 6 3 in Gk); a contradiction. 0 
If dG(u,v) = diam(G) and k < idiam(G), then dGk(u,v) 3 4 and therefore 
diam(Gk) 2 4 follows. So Theorem 3 obviously implies 
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Corollary 2. If k < idiam(G) and Gk is a circular arc graph, then Gk+’ is also a 
circular arc graph. 
Remark 3. If k > diam(G) - 1, trivially Gk+’ is a circular arc graph (since complete 
graphs are circular arc graphs). So the question, whether Gk E X implies Gki’ E X 
only makes sense for k < diam (G) - 1. So Corollary 2 settles i of all possible (and 
reasonable) k-values. 
3. Proper circular arc graphs 
First some terminology has to be introduced: 
Let V be a set of vertices and A c V x V, then D = (V,A) is called a digraph. If 
D has no loops and A is antisymmetric, then D is an oriented graph. Ignoring the 
directions of the edges of an oriented graph D = (V, A) we receive an undirected graph 
U(D), called the underlying graph of D. 
The distance of two vertices x, y E V(D), denoted by d&x, y), is the length of the 
shortest, directed path from x to y in D. The kth power d( of an oriented graph D is 
defined as in the case of undirected graphs. 
An oriented graph D is a tournament, if U(D) is complete. An oriented graph 
D is an in-tournament (respectively, an out-tournament) if for each vertex x E V 
the set of predecessors (resp. successors) of X, i.e. {w 1 (w,x) EA} (resp. {y 1 
(x, y) E A}) is a tournament. If an oriented graph D is an in-tournament and an out- 
tournament, then it is said to be a local tournament. It is quite easy to see the 
following: 
Remark 4. (a) D is an in-tournament, iff there is no induced Bi (Fig. 4) in D. 
(b) D is an out-tournament, iff there is no induced B2 in D. 
Theorem 4 (Skrien, [ 1 I]). The following are equivalent for a connected graph G: 
l G is orientable as a local tournament. 
a G is a proper circular arc graph. 
Therefore, for our purpose, to find out something about powers of proper circular arc 
graphs, it will be useful to study powers of local tournaments. We start with powers 
of in-tournaments: 
Theorem 5. Zf Dk is an in-tournament, then Dk+’ is an in-tournament. 
C. Flotow I Discrete Applied Mathematics 69 (1996) X99-207 205 
D 
x-- . ...*..... S..F “‘... . 
*.*... . ...*. Y 
_/z;m......~.---‘~ k 
Fig. 5. 
2 
Xl 
Dk P Y 21 z 
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Proof. Let Dk be an in-tournament. It suffices to show, whenever x,y,z are three 
vertices with d&, y) < k + 1 and d&z, y) < k + 1, then it has to be also true that 
d&z) < k + 1 or do(z,x) < k + 1. 
Let xi, resp. zt be the successor of x, resp. z on some directed x-y-path, resp. 
z - y-path of length < k + 1 in D, see Fig. 5. 
First assume xi #zr (the case x1 =zt is trivial then). Since Dk is an in-tournament, 
we may assume w.1.o.g. (xl,zl)~A(D~). There also follows (a) (z,xl)~A(D~) or (b) 
(xt,z) cA(Dk), see Fig. 6. 
In case (a), we have do(x,z) < k or do(z,x) < k since Dk is an in-tournament. In 
case (b), the directed path x,x1,. . . , zhaslength <k+l inD,sod&x,z)<k+l. 0 
Theorem 5 is slightly stronger than a result in [l] that says in-tournaments are closed 
under the power operation. Our proof is more direct. Analogously, we can prove 
Theorem 6. If Dk is an out-tournament, then Dk+’ is an out-tournament. 
By the previous two theorems it easily follows: 
Corollary 3. If Dk is a local tournament, then D k+l is also a local tournament. 
Remark 5. If G is orientable as an in-tournament, Gk is not nescessarily also orientable 
in this way. For an example see Fig. 7. 
But if a connected graph G is orientable as a local tournament, then so is Gk 
(Proposition 1). To prove this, we need the following 
Lemma 1. Let D be a local tournament. Then lJ(Dk) = (U(D))k. 
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Fig. 7. G is orientable as an in-tournament, but G2 not, due to the subgraph induced by the vertices {a, , i} 
in G2. 
Proof. It is not difficult to see that it is sufficient to show E((U(D))k) GE(U(@)). 
We will prove this inclusion by induction on k: 
Let {u,v} EE((U(D)Y) and k 3 2. Then there exists an undirected path u = 
xi,..., X m = v of length < k in U(D) from u to u. If xl,. . . ,x, or x,, . .,x1 is a 
directed path in D, there is nothing left to show. So we assume, there exists one 
vertex xi with 
(a) (Xi-i,xi) EA(D) and (xi+i,xi) EA(D) or 
(b) (xi,xi-1) EA(D) and (Xi,Xi+i ) E A(D). 
Then due to Remark 4(a) resp. (b) { i_ x t,xi+t} is also an edge in U(D). So 
24.=X1,..., Xi-_1,Xi+l,..., Xm = v is an undirected path of length d k - 1 in U(D), which 
means {u, V} E E(( U(D))k-‘). By the induction hypothesis follows {u, u} E E( U(ok-‘)) 
and so {u,u} EE(U(D~)). 0 
Proposition 1. If G is a connected proper circular arc graph, then Gk is a proper 
circular arc graph. 
Proof. Let D be a local tournament such that U(D)=G (Theorem 4). Due to Corollary 
3 Dk is also a local tournament. By Lemma 1 follows Gk = ( U(D))k = U(Dk). So Gk 
is the underlying graph of a local tournament, which means (due to Theorem 4) Gk is 
a proper circular arc graph. 0 
Now we have to settle the case of disconnected proper circular arc graphs. These 
graphs are proper interval graphs (G = (V,E) is a proper interval graph, if there exists 
an inclusion-free family (I,), E v of intervals on the real line, such that {u, u} E E iff 
I,, fl1, # 0). Raychaudhuri [9] proved 
Proposition 2. If G is a proper interval graph, then Gk is a proper interval graph. 
It is really obvious that proper interval graphs are proper circular arc graphs. There- 
fore, powers of disconnected proper circular arc graphs are again proper circular arc 
graphs. Now, with Proposition 1 follows 
Theorem 7. If G is a proper circular arc graph, then Gk is a proper circular arc 
graph. 
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4. Open problems 
1. Is the class X of circular arc graphs strongly closed under the operation of power 
(i.e. Gk E X implies Gk+’ E Xx)? 
As mentioned in the introduction, there are reasons to believe that. 
2. Is the class of proper circular arc graphs strongly closed under the power 
operation? 
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